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Fig. 2 Coefficients for uniaxial buckling.

For k=1, i.e., for the case of isotropic core, the critical loads
N7, and N7, given by Egs. (16) and (17) reduce to those
obtained by Fulton. !

In order to show the effect of orthotropic core upon the
critical loads, the following numerical values for shell proper-
ty and dimensions are used: E;=E,=EF, t,=t,=t=0.05 in.,
u=0.3, E/G,,=2x10% a=100 in., R =200 in., C=0.5 in.
The critical loads are expressed in the following form as

N%=n*(x2D/a?) (18)
1=ni(x’D/a?) 19

where 77, and 57} are the load coefficients. The values assumed
for k; ranged from 1-25 at intervals of 5. The curves are
shown in Fig. 2. It can be seen from Fig. 2 that as k; in-
creases, the values for % and #} decrease. The n*-values show
a maximum average of 0.42% decrease in the first &, interval
and the average rate of 0.29% decrease in the last k ;interval.

IV. Discussion and Conclusions

The nonlinear differential equations for shallow sandwich
shells with orthotropic cores are derived herein. An example
illustrating the use of these equations is presented. The ap-
proximate solution used in solving the example problem
satisfies the boundary conditions for w, ¢, M, and M , given
in Egs. (8) and (9); however, the boundary conditions on F
given in Eqgs. (8) and (9) are satisfied only on the average. It
should be noted that Fig. 2 represents load coefficients for a
particular shell property and dimensions. The assumed deflec-
tion shape given by Eq. (10) for a square shallow shell
represents the buckling mode shape of a half sine wave in both
x and y directions. For a more general case of shell dimensions
and property, the deflection function capable of representing
any number of half-waves in both x and y directions should be
used instead of Eq. (10), and the critical loads should be ob-
tained from Eqs. (15) and (17).
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Convergence and Stability of Nonlinear
Finite Element Equations

T. J. Chung*
The University of Alabama in Huntsville,
Huntsville, Ala.

N recent years, the field of computational mechanics

has broadened significantly, particularly with the finite
element analysis applied to solution of initial and/or boun-
dary value problems in both solids and fluids. The question is,
““Are we assured of convergence and stability in the
solution?’’ In general, the finite element equations occur in
the form

Aij(uj)uj‘fizo ¢y
for the steady state, and

B+ Cy(u)u;—f;=0 )
for the unsteady state. Here the superposed dot denotes a time
derivative.

We concern ourselves with the convergence criteria of Eq.
(1) and both stability and convergence criteria of Eq. (2) in the
solutions of these equations. The literature on the subject of
convergence and stability is abundant; for example, Ortega
and Rheinboldt! for nonlinear equations and Richtmyer and
Morton? for time-dependent equations. Their discussions are
concerned with approximate numerical solutions via finite
difference equations. Subsequently, Oden, ? Fujii, * and others
studied the problems of convergence and stability associated
with finite elements. The present study is intended for
derivations of explicit convergence criteria for nonlinear finite
element equations and stability criteria for linear and
nonlinear time dependent finite element equations.

Consider the nonlinear finite element equations of the form

Ri(u))=Az(u)u—fi=0 3)

Expanding Eq. (3) in Taylor series and retaining only the first-
order terms yield

Ri(u;) =R ;(u;+Au;) =R ;(u3)
+ [8R (u3) /0u;] (u;—u3) =0 @)
Solving for u; in Eq. (4) gives
ui=ui~(J3) ~'R(u3) )
where J7; is the Jacobian defined as
J;=0R (u})/0u; (6
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Assuming the initial values u,, we obtain the successive
solutions of u; at r + 1th step in the form

upti=uf— (J5) ~'R;(uj) M

This is the well-known Newton-Raphson method of solving
the nonlinear equations.

In the Newton-Raphson iterative process, we are concerned
with the existence and uniqueness of the solution. To this end,
the Jacobian matrix J3;, J}; must be nonsingular. We are also
concerned with convergence and the rate of convergence. If
we differentiate Eq. (7) with respect to #}, we observe that, for
convergence, we must have

duit/ui=8,;—{ (J5) Iy,
— i) 1) @I/ du) R (u)) ) <8 ®

where § ; is the Kronecker delta. Rewriting Eq. (8), we obtain

(Qui*’/outy = (J5) ~1(Jh) AT/ BuL) R (uf) <65 (9)
Thus, the criterion for convergence is
(0 o/ QUL R j(u}) =T 3T 3l 10)

The rate of convergence in this case may be evaluated as
follows. Denote the error at the rth and r + 1th steps as

'=u

e;

i=ui an
eft! =u;—urt! (12)
Subtracting both sides of Eq. (7) from u;, we get
u,-—u,f+’=u,»—u,f+{J,fj(u,-—e,f)}‘IRj(uj’-) (13)
In view of Egs. (11-13) we have
ejt!=e/+{J5(u;~e)) ~'R;(u;—ej) 14)

Expanding the last terms on the right-hand side of Eq. (14) in
Taylor series and neglecting higher order terms, we obtain

eft!=Vief e[{J} (u;) ) =1 (3 o/ du,) (15)

or
eft’=0{(e)?} (16)

This implies that the error decreases with the square of the

error at the previous step. In other words, the rate of con-

vergence is said to be second order. The finite element

discretization errors are not included in the present study.

The finite element equations of unsteady state is given by

B+ Cyu;=0 an

where B ; and C; are the constant coefficient matrices. A for-

ward difference of the time derivative of u; is

;= Ui+ —un) /At (18)

where Af represents # + 1th time step, At=¢"+!—¢". The dif-
ference operator of this form is called the temporal operator.
Inserting Eq. (18) into Eq. (17) gives

utt'=ut— B CyulAt (19)

If the errors at the n+ 1th step and nth step are given by e j’!“
and e, respectively, we may write Eq. (19) in terms of these
errors,

uttl yenti=ynien —B1C, (ul+el) At (20)
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Comparing Egs. (19) and (20) results in
eft!= (8~ By’ CypAt)e] @n
For the temporal operator of the form Eq. (18) to be suc-
cessful the error for the n+1 step must not be permitted to
grow, or
ler+!l < legl (22
This requirement may be satisfied by
gyl =184 =By CyAtl < 16,1 23)
Here g is called the amplification matrix and
lgi! = (g &) "
Rearranging Eq. (23) yields
—B7'CyAt=—25; 24
or
Bi'CpAr=<26,
from which we obtain
At<12ByCig'd ;) (25)
It is concluded that the temporal operator Eq. (18) is .
conditionally stable. The stability is guaranteed if Eq. (25) is
meitf: we replace #7by (u7+!+u?)/2 then instead of Eq. (18)

we have

(u?*' —up) (u7*'+uf)

B; A7 +Cy 3 =0
or
ult! —y'= —ViB!Cy (ul ' +up) At
and
upt'=Ez'Fuf (26)
where

E,=6,+VB;!C At
F,=6,—V2B,\C,At
The errors at n+ 1 and »n are related by
ept'=ge} @7
where g is the amplification factor,

g=E;'F;=<1 (28)
It is seen that, for all values of Af, we have g<1 as long as
B;!C,, is positive definite. In this case, the temporal
operator is said to be unconditionally stable. Recall that 2 7+!
is involved in representation of the time independent term.
Determination of 7/ was explicit in Eq. (19), whereas an in-
verse of E, is required for the case of the latter before u7*/
can be calculated, thus an implicit solution. The temporal
operators of the former type are referred to as explicit
scheme, and those of the latter type are known as implicit
scheme.

Additional examples may be cited this time by Taylor series
expansion of a variable. Note that Eq. (17) may be written as
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Expanding Eq. (29) in Taylor series with a second-order ac-
curacy gives

it =ut— At ul+ V2 (A2 @)

or

ultl=g, u} 30)
with

=0y —AtB;'Cy+V2At’B;'C B, C
The stability requirement g , <6 gives
AB;'Cy—V2A?B;'C B 1 C o — 26 4 <0

Solving for At yields

Ar< 1+ WV31B,C}'
The limiting value is, thus

At<2 ByCq! 31)

The temporal operator of the type Eq. (30) and the resulting
Eq. (31) are considered as the finite element analog of the
well-known Lax-Wendroff scheme.>® This is also an explicit
scheme.

As a last example, consider a Taylor series expansion in the
form

1 1
utts =+ Auls+ ST Auls(s+1) + 37 Aduls(s+1) (s+2)

+...+ n—]!A’"uj'-’s(s+l)(s+2)(S+3)...(s+m—1) (32)

in which s may be given by s=1¢/At. The time derivatives of u
at the time step n are

[a”j ]‘"’zmz du; 95

_ ou "+ as]

Y =3 ot Las at Js=o
I 1 .
- o Afyn 33)
A = ! (
and
3%y m [au;?“ ] 1
== = A2 n
[ at? ] “ at s=0 At? [ "

+ AU+ 2/ myAM U+ Vet + 1 (m=1) ) (34
where
Ault=uyi—ut!
A2ul=Aul—Aul~T=uf—2ur""+uj?
Adult=A2ul— Ault - =ul—3ul ="+ 3uf 2 —ul’
Substituting this into Eq. (33) and (34) results in, respectively,
=l up—18 uj~'+9 ur-2-2 ur=3)/6At (35)
Ur=Quj—5Sul~'+4ul=2—ur-3y /AL (36)
In' view of Egs. (35) and (17) and moving up one step, we ob-
tain
(B (11 uj*!—18ur+9 ur~'

—2u??)/6At1 +Cyu;"=0 (37a)
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or

[B;(11 urt!—18 u+9 w1

—2ur"2)/6At] +Cyuj+'=0 (37b)
[B, (11 ut*!—18 ul+9 ul~"'—2 ut=2)/6A1]
+VaCy(uit +ul) =0 (37¢)

Note that the expression Eq. (37a) results in explicit scheme
whereas the expressions Egs.(37b) and (37¢) are of the implicit
scheme. If we assume that the errors at various time steps are
related by

n+1 n n—1 n—=2
ej Sejﬁej ngk [

with g, <6, then the amplifications are related as follows:
for Eq. (37a)

&= (18ad;,—6aB ;7 'CyAt

—9B0+26,)/11<5, (38a)
for Eq. (37b)
g=E;'F,<I
E,=8,+ (6/11)B},/C Al
Fiy=(18a/11)8,— (9B/11)6;+ (2/11)5; (38b)
for Eq. (37¢)
g:EﬂT’Fj,,sI
E;=6,+(3/11)B/C At
Fi=18a/11)(8,~(3/11)B},/C ,Al)
—(96/11)6,+ (2/11)§,, (38¢c)

where a<@=<1. If we assume a=p3=1, the expression Eq.
(38a) becomes

g8jx=0,—(6/11)B;'C At 39
and limiting At is
At< (12/11YB,Cjl (40)
Similarly the expressions (38 b,c) become, respectively,
g=1[8;+(6/11)B,,CriAt '8,=<1 4D
and
g=1[6,+(3/11)B,, ClA 1 [0,— (54/11)Bj,,,C,;{At] 42)

Once again, the last two cases are of implicit schemes and it is
shown that, for all values of At¢, the temporal operators are
unconditionally stable.

Let us now consider a nonlinear time-dependent finite
element equation of the form

B+ Cy(u;)u;=0 3)

[7ha)

where the coefficient matrix C;; is a function of the variable
u;. Take an implicit scheme Eq. (37b) and write in the form

R;'H(uj) =Dij(uj)uj"l+1_fi(uj):0 44)

with
D;=6;+(6/11)AtB;!Cy) 45)
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Silu;) = (18dy —9Bd+2 dy)ui=2/11 (46)

In view of Eq. (7) for each time increment, the Newton-
Raphson iterative steps are governed by

uithrel =y nelr g (Jarlry IR (yn+lr) 47)
where

J;+1=6[R7+’(u;)]'~/8uj (48)
As given by Eq. (10), the convergence criterion is

(annr;l,r/au;nR;wl(ujr_) SJ;}(+1’r ijn+],r (3,-1- (49)

The rate of convergence is evaluated by noting the error at the
r+1thstep as

rEt = Vaer ef[JH I ()] ~1 (85, du,) (50)

It is seen that the Jacobian J ,-j"“ , which is the determining
factor for convergence of the equations of nonlinear charac-
ter, is affected by Af since R"*/(uf) is a function of At
present in Eq. (44) or (45). It is clear, that the nonlinear time
dependent finite element equations cannot be assured, unless
Eqgs. (38b) and (49) are simultaneously satisfied.
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Prediction of Recovery Factor and
Reynolds’ Analogy for Compressible
Turbulent Flow

Philip M. Gerhart*
University of Akron, Akron, Ohio

Introduction

ECENTLY the so-called surface renewal and penetra-

tion model of turbulent transport in the vicinity of a wall
has been applied to a wide variety of flow problems. !¢ Of
particular interest to workers in the field of high-speed flows
are the prediction of recovery factor [R=(T,,— T )/ (T
—-T,)1], and the effects of viscous dissipation on the
Reynolds’ analogy factor (RAF=2S5t/C;) in turbulent flows.
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In two recent papers, Thomas and Chung>® have successfully
applied the surface renewal model to the prediction of
recovery factor and Reynolds’ analogy factor including the ef-
fects of viscous dissipation; however, these analyses con-
sidered only the case of constant fluid properties, and hence
their application to high-speed flows is not immediately ob-
vious. It is the purpose of this Note to formulate the surface
renewal and penetration model for compressible flows in-
cluding viscous dissipation and to establish the approximate
validity of the previous analyses for compressible gas
flows. 5%

Analysis

The surface renewal and penetration model as first set forth
by Danckwerts’ is based on the assumption that macroscopic
chunks of fluid (‘‘eddies’’) intermittently move from the tur-
bulent core into the close vicinity of the transport surface.
During the time of residence in the wall region, unsteady one-
dimensional molecular transport of momentum and energy
are assumed to dominate. Several experimental investigations
of incompressible turbulent flows are in basic agreement with
this model, 319 except that the fluid elements do not move into
direct contact with the wall; however, the assumption that
they do reach the wall has been found to yield agreeable
results for Prandtl numbers less than 10. !!

Consider an eddy which moves from the turbulent core into
contact with the wall. Neglecting axial gradients as small com-
pared with stationary unsteady terms and transverse gra-
dients, the continuity, momentum, and energy equations are

dp a(pv)
— + =0 1
a0 oy ()
ou ou d du
i S N it p)
p(ae +vay) ay (uay) )]
ok oh ] u o oh ou
— v —)=— (5 — ) +pu(—)? 3
p(ae Uay ) 3 (Pr oy ) “(ay )2t 3)

wherein 6 is the instantaneous contact time, and a perfect gas
(h=C,T) has been assumed. In Egs. (2) and (3) the axial
pressure gradient has been neglected. While nominally re-
stricting the resulting analysis to flat plate flows, the pressure
gradient term has, for incompressible flows, been shown to be
negligible for tube flows above Reynolds numbers of 104(Ref.
2) and for boundary layers in mild pressure gradients. 3

For flows not too near separation, the residence time of a
typical eddy in the wall region is such that the eddy may be
considered semi-infinite in the transverse direction.* It is
also assumed that transfer of momentum and energy to the
eddy during its flight from the turbulent core to the wall is
negligible, thus the initial and boundary conditions on Eqs.
(1-3) become

u=0, h=h, aty=0 (4a)
u=U,, h=h, aty—o ’ (4b)
u=U,, h=h, at =0 (40)

Equations (1-4) are now transformed via the introduction
of

dY=(p/p)dy &)
resulting in
ou J ou
— =y, — | C= 6
0 oy [ Y ©
aT vy O aT Cvy, [Ou 2
— = 2 . C— — 7
00 Pr avy [ oy 17 c, aY] o

TAlthBugh the transverse convection terms may be neglected, the
transformation to be introduced causes them to drop out identically.



